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Abstract. This note aims to prove that a complete manifold support- 
ing a general L^-Sobolev inequality is connected at infinity provided 
the negative part of its Ricci tensor is small (in a suitable spectral sense). 
In the route, we deduce potential theoretic and volume properties of the 
ends of a manifold enjoying the L q ' p -Sobo\ev inequality. Our results are 

C V) ■ related to previous work by I. Holopainen, [TO], and S.W. Kim, and Y.H. 

Q ; Lee, [12] 
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Introduction 

In this paper we discuss the topology at infinity of a complete non compact 
Riemannian manifold (M, (,)) supporting a general L 9 ' p -Sobolev inequality 
of the type 

(!) S q , p \\(p\\ Lq < \\Vip\\ LP , 

for some constant Sq tP > and for every ip £ C£° (M). It is known from 
a seminal work by Pansu, |15j . and the recent extensions in [7j, that the 
validity of ([1]) is related to a "global" cohomology theory which is sensitive 
only on the geometry at infinity of the underlying manifold, the so called 
L^-cohomology, and gives information on the solvability of non-linear dif- 
ferential equations involving the p-Laplace operator (on differential forms). 
For instance, using this circle of ideas one obtains that if the first L q ' p - 
cohomology group vanishes, then the existence of a non-constant p-harmonic 
function v : M — > M. with finite p-energy |Vu| G IP (M) implies that M is 
not simply connected. In this paper, we use p-harmonic function techniques 
to show that, under the validity of (pQ), and assuming a suitable control on 
the Ricci tensor, the underlying manifold M is connected at infinity. This 
means that, for every arbitrarily large compact set K C M, the open set 
M\K has only one unbounded connected component, namely, M has only 
one end. It is a well known consequence of the splitting theorem by J. 
Cheeger and D. Gromoll, [3], that a complete manifold with non-negative 
Ricci curvature has at most two ends. Furthermore, if the Ricci curvature is 
positive at some point, then we have connectedness at infinity. With the aid 
of the L 9,p -Sobolev inequality, and extending in a nontrivial way to the case 
p ^ 2 previous results in [4], [14], [16], we will conclude the connectedness 
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at infinity even in the presence of some amount of negative Ricci curvature. 
More precisely, we shall prove the following result. Recall that the bottom 
of the spectrum of the Schrodinger operator L = A + Hq (x) is given by 

>-L,^_ ,„, f M \Vv\ 2 -J M H q ( X )<p 2 



\-^ (M) = inf 



v eCg°(M)\{0} f M tp 2 

Theorem 1. Let (M, (, )) be a complete non compact Riemannian manifold 
of dimension dimM = m. Let q > p > 2 be such that 

1 1 1 

p q ~ m 

and assume that M supports an L q ' p -Sobolev inequality of the type 

Sq, P \\<p\\ Lq < ||V<p|| LP , 

for some constant S qtP > and for every ip G C^° (M). Assume that the 
Ricci tensor of M is such that 

M Ric > -q 0) on M 

for a suitable function q G C (M) . If the Schrodinger operator L = A + 
Hq {x) satisfies 

(2) Af L (M) > 0, 

for some constant H > p 2 /A (jp — 1), then, M has only one end. 

As we briefly mentioned above, the validity of an L 9,p -Soblev inequality 
gives information on the L 9 ' p -cohomology of the underlying manifold. We 
note that, from this point of view, the main theorem can be restated in the 
following equivalent form. We refer the reader e.g. to the paper [7] for the 
relevant definitions. 

Theorem 2. Let (M, (,}) be a complete, m-dimensional Riemannian man- 
ifold satisfying the following requirements: 

(a) M has at least two ends; 

(b) M Ric > —q (x), for a suitable function q G C° (M) such that 

X -A-Hq(x) (M) > Q) 

and for some constant H > p 2 /4 (p — 1), p > 2. 

Then, for every 1/p — 1/q < 1/m, the first L q,v -cohomology space of M 
is unreduced. 

1. Preliminary results from non-linear potential theory 

For the sake of completeness, we first recall some definitions and prove 
some facts from non-linear potential theory; see [9], 120]. 
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Definition 3. A Riemannian manifold (M, (,)) is said to be p-parabolic if 
for some compact set of positive volume K C M, we have 



cap p (K) := inf / |Vc^| p = 0, 
JM 



where the infimum is taken with respect to all functions p> € C£° (M) such 
that (p > 1 on K . Otherwise, we say that M is p-hyperbolic. 

It is not hard to prove that on a compact manifold, the p-capacity of 
any compact set vanishes. The next result gives further equivalent charac- 
terizations of p-parabolicity. Note that the equivalence between (ii) - (iv) 
below is proved following arguments valid in the case p = 2 (see e.g. |16j ) 
while the equivalence with condition (v) is a result in [6J. Furthermore, the 
equivalence (i) - (ii) was already observed in [9] using the non-linear Green 
function introduced by the author. However, we shall provide a new and 
somewhat direct argument that we feel interesting in its own. Finally, to 
the best of our knowledge, the explicit equivalence (iii) - (iv) has never been 
observed before. 

Theorem 4. Let (M, (,)) be a complete Riemannian manifold. The follow- 
ing conditions are equivalent. 

(i) M is p-parabolic. 
(ii) Ifu G C(M)nW l ^(M) is a bounded above weak solution of A p u > 

then u is constant. 
(iii) There exists a relatively compact domain D in M such that, for every 
function cp 6 C{M \ D) H W^(M \ D) which is bounded above and 
satisfies A p cp > weakly in M \D, sup A .f\n cp = maxgjj (p. 

(iv) For every domain $7 C M and for every ip G C (u\ fl W l( ^(Q) which 

is bounded above and satisfies A p ip > weakly on SI, sup^ ip = 

sup 9n tp. 
(v) There exists a compact set K C M with the following property. For 

every constant C > 0, there exists a compactly supported function 

v e W 1 * (M) n C (M) such that 



Wlp(K) > C|I V-u IIlp(M) • 



Proof, (i) =^> (ii). Let M be p-parabolic, so that, for every compact set K, 
cap p (K) = 0, and assume by contradiction that there exists a positive, p- 
superharmonic function u. By translating and scaling, we may assume that 
sup it > 1 and inf u = 0. Note that, by the strong maximum principle (see, 
e.g., |llj Theorem 7.12) u is strictly positive on M. Next let D be a relatively 
compact domain with smooth boundary contained in the superlevel set {u > 
1} and let Di be an exhaustion of M consisting of relatively compact domains 
with smooth boundary such that D CC D\, and for every i let hi be the 
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solution of the the Dirichlet problem 

A p hi = 0, on Di\D 
hi = 1, on dD 
hi = 0, on dDi. 

By a result of Tolksdorf [19], hi G C]£ (D { \D). Furthermore, since D 
and Di have smooth boundaries, applying Theorem 6.27 in [11] with 9 any 
smooth extension of the piecewise function 

1, on dD 
0, on dDi, 

we deduce that hi is continuous on Di\D. By the strong maximum principle 
< hi < 1 in Di\D and {/ij} is increasing, so that, by the Harnack principle, 
{hi} converges locally uniformly on M \ D a function h which is continuous 
on M\D, p-harmonic on M\D and satisfies 0<ft< lonM\D and h = \ 
on dD. Again, heC (M \D)n C]£ (M\D). 

Moreover, since hi is the p-equilibrium potential of the condenser (D, Di), 



cap p (D, Di) = f \Vhi\ p = inf f [Vipf 



where the infimum is taken with respect to <p € C£° (Di) such that ip = 1 on 
dD. Think of each hi extended to be zero off Di. Therefore < Jm\~d l^^*l P f 
is decreasing and the sequence {hi} C W 1,p (Q) is bounded on every compact 
domain Q of M\D. By the weak compactness theorem, see, e.g., Theorem 
1.32 in mi, h e W 1 * (n), and V/tj -)• V/i weakly in L'P (O). In particular, 



/ \Vh\ p <liminf / \Vhi 

JU i^+co J D \ D 



\ io AP 
>Di\D 

On the other hand, it follows easily from the definition of capacity, that 
limj cap p (D, Di) = cap p (D) = 0. Thus, letting Q f- M\D we conclude that 



_|V/ 1 | P = 0, 

M\D 

so that h is constant, and since h = 1 on dD, h = 1. Finally, since u is p- 
superharmonic and u > hi on dDUdDi, by the comparison principle, u > hi 
on Z?j \ Z), and letting i — >■ oo we conclude that u > 1 on M, contradiction, 
(ii) ^> (i). Given a relatively compact domain D, let /ij and h be the 
functions constructed above, and extend h to be in D, so that h is contin- 
uous on M, bounded, and satisfies A p h > weakly on M. Thus (ii) implies 
that h is identically equal to 1. On the other hand, since the functions hi 
belong to W ' P (M), Lemma 1.33 in [11] shows that V/ij converges to V/i 
weakly in L P (M). By Mazur's Lemma (see Lemma 1.29 in [11]) there exists 
a sequence Vk of convex combinations of the /ij's such that Vffc converges to 
V/i strongly in L p . Thus u^ is continuous, compactly supported, identically 
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equal to 1 on D (because so are all the /ij's) and J M |Vufc| p — >• / \Vh\ p = 0, 

showing that cap p (D) = 0, and M is p-parabolic. 

(iii) =>■ (iv). Assume that (iii) holds, and suppose by contradiction that 

there exist a domain and a function ip as in (iv) for which supg^ ip < 

sup^ ip. Note that, by the strong maximum principle, £1 is unbounded. 

Choose < e < sup^ ip — supg^ ip sufficiently near to sup^ ip — sup^Q ip so 

that D (1 {ip > sup dn ip + e} = 0. This is possible according to the strong 

maximum principle, because D is compact. Define ip £ C (M) D W^ (M) 

by setting 

ip(x) = maxjsup ip + s, ip(x)} 
an 

and note that A p ip > on M. According to property (iii), 

max-0 = sup ip. 
dD ' M\D 

However, since D n {ip > sup 9r2 ip + e} = 0, 

max ip = sup ip + e < sup ip, 

while 

sup ip = sup ip. 
m\d n 

The contradiction completes the proof. 

(iv)=>(iii). Trivial. 

(iv)=>(ii). Assume by contradiction that there exists u E C(M)nW io *(M) 
which is non-constant, bounded above and satisfies A p u > weakly on M. 
Given 7 < supu, the set £l 7 = {u > 7} is open, and u is continuous and 
bounded above in f2 7 , satisfies A p u > weakly in fi 7 and maxgQ 7 u < 
supn u, contradicting (iv). 

(ii)=>(iv). If there exists ip e C (Ti) n W^ (fi) satisfing A p tp > and 
sup^ ip > max^Q ip + 2e, for some e > 0, then 

J max{i/;,maxg^ ^ + e} in il 
^ £ ~ \ max^ +e in M\Q, 

is a non-constant, bounded above, weak solution of A p ip e > on M. This 
contradicts (ii). 

For the equivalence (i) <=> (v), see [B] Theorem 3.1. □ 

We now localize the concept of parabolicity on a given end. Recall that, 
by definition, an end E of M with respect to a compact domain K is any of 
the unbounded connected components of M\K. 

Definition 5. An end E of the Riemannian manifold (M, (,)) is said to be 
p-parabolic if, for every compact set K C E, 



cap p (K,E) = inf I \Vip\ p = 0, 

J E 
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where the infimum is taken with respect to all ip G C^° (-E 1 ) such that tp > 1 
on K. 

We have the following characterizations of the parabolicity of ends. Re- 
call that the Riemannian double of a manifold E with smooth, compact 
boundary dE is a smooth Riemannian manifold (without boundary) T>(E) 
such that (i) T>{E) is complete (ii) V(E) is homeomorphic to the topological 
double of E and (hi) there is a compact set K C T>(E) such that T>(E) \ K 
has two connected components, both isometric to E. Observe that this is 
not uniquely defined, but all such "doubles" are bilipshitz equivalent. 

Theorem 6. An end E with smooth boundary dE is said to be p-parabolic 
if either of the following equivalent conditions is satisfied: 

(i) For every continuous cp : E —} M which is bounded above and p- 

subharmonic, sup s (p = maxgE <p. 
(ii) The (Riemannian) double V (E) of E is a p-parabolic manifold with- 
out boundary. 

Condition (i) in Theorem [6] yields easily the following necessary and suf- 
ficient condition for an end to be p-hyperbolic. 

Corollary 7. An end E is p-hyperbolic if and only if there exists a function 
ip € C(E) n Wt'*!(E) which is p-superharmonic and such that infgV = 
and ip > 1 on dE. 

Corollary [7J allows us to obtain the existence of special p-harmonic func- 
tions on p-hyperbolic ends (whose existence, in view of Theorem H] in fact 
characterizes p-hyperbolic ends). 

Lemma 8. Let E be a p-hyperbolic end of (M, (,)) with smooth boundary. 
Then, there exists a non-constant p-harmonic function h G C [EjCiC,^ (E) 
such that: 

(1) < h < 1 in E, 

(2) h = l on dE, 

(3) inf j h = 0, 

(4) |V/i| e LP (E) . 

Proof. Take a smooth exhaustion Di of M with dE C Dq. Set E{ = E n A 
and solve the Dirichlet problem 

Aphi = 0, on Ei 

hi = 1, on dE 

hi = 0, on dDi n E. 

By the arguments used in the proof of Theorem U hi G C lf ^ (Ei) n C(Ei), 
< hi < 1 in E{, it is increasing and converges (locally uniformly) to a 
p-harmonic function h on h € C (E) Pi C l( £ (E) satisfying < h < 1 and 
h = 1 on dE. Since E is p-hyperbolic, there exists a function ip with the 
properties listed in Corollary [71 By the comparison principle, h% < ip for 
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every i, and passing to the limit, h < ip, so that inf^ h = and in particular 
h is non-constant. 

To prove that h has finite p-energy we argue as in the proof of Theorem HI 
to show that {f E |V/ij| p } (where hi is extended to E by setting it equal to 
in E \ Ei) is decreasing and, by Lemma 1.33 in [TT], V/i € L P (E) and V/tj 
converges to V/i weakly in L P (E). □ 

Remark 9. Suppose that the end E is p-parabolic. Then, the same con- 
struction works but, in this case, by the boundary maximum principle char- 
acterization of parabolicity, we have h = 1 . 

2. SOBOLEV INEQUALITIES, VOLUME AND HYPERBOLICITY OF ENDS 

In this section we show that the validity of an L 9 ' p -Sobolev inequality 
implies that each of the ends of the underlying manifold has infinite volume 
and is p-hyperbolic. 

Theorem 10. Every end of a complete Riemannian manifold (M, (, )) sup- 
porting the L q ' p -Sobolev inequality (OP for some q > p > 1 is p-hyperbolic 
and, in particular, has infinite volume. 

Corollary 11. Suppose that the complete manifold M has (at least) one 
p-parabolic end. Then the L q ' p -Sobolev inequality (OP fails. 

The result of Theorem [10] consists of two parts. For the sake of clarity, 
we treat each part separately. 

Volume of ends supporting an L 9 ' p -Sobolev inequality. It is elementary to 
show that if an L 9 ' p -Sobolev inequality holds on a manifold then the manifold 
has infinite volume. Indeed, having fixed x in M we consider a family 
{^Pr}r>o °f cu t-off functions satisfying: (a) < (pn < 1; (b) ipn = 1 on 
Br/2 {xo}] (c) supp(<^) C B R (x ); (d) \V(p R \ < A/R on M. Using <p R into 
the Sobolev inequality gives 

S q ,pVol(B R/2 (x )) 1/q < S qtP \\cp R \\ Lq < \\Vip R \\ LP < —vol(B R (o)) 1/p , 

which, in turn, implies the non-uniform estimate 

vol(B R (o))>CR p , 

for every R > 1 and for some constant C = 1 4 _1 S , giP vol {B\ (o)) ' q I > 0. 

In particular vol (M) = +oo and at least one of the ends of M has infinite 
volume. 

In order to extend this conclusion to each of the ends we can use a uniform 
volume estimate due to Carron, [2] (see also [8]) which we state in the form 
suitable for our purposes. 

Proposition 12. Let E be an an end of the complete manifold M with 
respect to the compact set K and assume that the L q,p -Sobolev inequality (Op 
holds on E, for some q > p > 1. Then there exist positive constants C\ 
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and C 2 depending only on p, q and S q<p such that, for every geodesic ball 
Br(x ) CE 

(3) vol(B R (x ))>C 1 R C2 . 

In particular, if K C Br (o), then for every xq £ E with d(xo, o) > R + Rq 
the ball B r (xq) C E, and E has infinite volume. 

Proof. For every C E let 

h \<P\ P 

the infimum being taken with respect to all f £ W c (fl), f ^k 0. By the 
Sobolev and Holder inequalities, for every such ip we have 

<? < voi(o) 2 ? (I A q < (s q , p \\v<p\\ P T , 

n \Jn J 

and therefore 

(4) vol(Si)^\(Sl)>Sl p . 
On the other hand, choosing f2 = Br (xq) and 

if (x) = R — d(x,xo) 

we deduce that 

vol (B R (x )) 



(5) A (B R (x )) < 



< 



< 



JB R (x )( R - d ( X > X 0)) P 

vol(B R (x )) 

fB R/2 (x )( R - d ( X ' X v)Y 

2* 'vol (Br (x )) 



RPvol (B R/2 (x )) ' 
Combining §£§ and ([5]) we obtain 

vol (B R (x )) 1+ ^ > 2- p Sl p R p vol (B R/2 (x )) , 

i.e., 

vol (B R ( Xq )) > (2-PSl p R p ) a vol {Br/2 (x )) a , 
with 

Iterating this inequality fc-times yields 

vol(B R (x )) > 2-*«£i=i^ (2~PSl p R^) Zk ^ a3 vol (B R/2k (x ) 

Since 

volB r (xq) ~ oJor m as r — > (m = dimM), 
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for k large enough 

vol (B R/2h (x )y L > ^ R m 2- km y 

and letting k — > +00 finally gives 

vol (B R (x )) > 2-P" (2-*^^)* , 



where 






and estimate ([3]) holds. 

To prove the second statement, assume that xq € E is such that d(xo, o) > 
R + Rq, and consider the geodesic ball B r (xq)- If x € B Ro (o), then by the 
triangle inequality, 

d (xq, x) > d (xq, o) — d (o, x) > R, 



proving that Br (x) DB Ro (o) = 0. On the other hand, if E' is a second con- 
nected component of M\K and x" \ B Ro (o) , let a be a minimizing geodesic 
from xo to x' . By continuity, a must intersect <9-Br (o) at some point x\ 
and 

d {xq, x') = £ (a) = d{x' ', xi) + <i(xi, xo) > d(a?i, x) > R. 

Therefore Br (xo) n E' = and we conclude that Br(xq) C -E. Since 
xo S E can be chosen in such a way that d (xo, o) is arbitrarily large, letting 
E 3 xo — )> 00 gives that i>oZ (E 1 ) = +00. □ 

Hyperbolicity of ends. The second part of Theorem 1101 states that every end 
of M is p-hyperbolic. In the special case p = 2 this conclusion is (essentially) 
due to Cao-Shen-Zhu, [4j, and Li- Wang, [14]; see also [16]. Our proof, which 
we seems to be conceptually clearer even in the case p = 2, is essentially 
based on the observation that if the L q,p Sobolev inequality (pQ) holds on 
M then M is necessarily p-hyperbolic. Indeed, if Vt is any compact domain 
then, for every 93 € C^° (M) satisfying cp > 1 on £1 it holds 

S^pVol (n) 1/q < S Q)P \\ip\\ Lq < \\Vlf\\ LP , 

proving that 

ca Pp {ft) > Sl p vo\ {£l) plq > 0. 

This shows that M is p-hyperbolic, and therefore at least one of its ends is 
p-hyperbolic. To extend the conclusion to each end E of M, we are naturally 
led to apply the reasonings to the double T> (E). By the very definition of the 
double of a manifold, it turns out that T> (E) supports the Sobolev inequality 
dH) outside a compact neighborhood of the glued boundaries. Accordingly, 
to conclude that E is p-hyperbolic we can make a direct use the following 
very general theorem that extends to any L 9,p -Sobolev inequality previous 
work by Carron, [l]. 
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Theorem 13. Lot (M, (,)) be a possibly incomplete Riemannian manifold. 
Assume that M has infinite volume and supports the L q ' p -Sobolev inequality 
(Op off a compact set K C M. Then, M is p -hyperbolic and the same Sobolev 
inequality, possibly with a different constant, holds on all of M . 

Remark 14. Clearly, if M is complete, according to Proposition \T^ the 
assumption that M has infinite volume is automatically satisfied. 

Proof. Let be a precompact domain with smooth boundary such that 
K CC Q. Let also W £ ~ dQ x (— e, e) be a bicollar neighborhood of d£l such 
that W £ C M\K, and let £ = Q U W £ and M £ = M\Q E . Note that, by 
assumption, the L 9,p -Sobolev inequality with Sobolev constant S > holds 
on M £ . Furthermore, the same L 9 ' p -Sobolev inequality, with some constant 
S £ > holds on the compact manifold with boundary Q £ (start with the 
Euclidean L 1 Sobolev inequality and use Holder inequality a number of 
times). Now, let p € C^° (M) be a cut-off function satisfying < p < 1, 
p = 1 on £l e /2 and p = on M e . Next, for any v € C^° (M), write v = 
pv + (1 — p) v, and note that pv <E C£° (Q £ ) whereas (1 — p) v e C^° (M £ / 2 ) 
Therefore, we can apply the respective Sobolev inequalities and get 

\\v\\ Lq{M ) < \\ v P\\Li(n e ) + \\ v i 1 ~ P)\\li(M e/2 ) 

< s- 1 llVMH^o,) + S- 1 \\v{v{i- P ))\\ LP{Me/2) 

< (S- 1 + S- 1 ) \\Vv\\ LP(M) + S- 1 llvVHIip^n^) + S' 1 \\vVp\\ LP{ne) 

< (5-1 + s- 1 ) {\\Vv\\ LP{M) + C \\v\\ LP{Ue) ) , 

where C = max^/ |Vp|. Summarizing, we have shown that, for every v € 
C c °° (M) , 

( 6 ) IMIl9(M) ^ Cl {H^Hz^M) + IMLp(n E ) J > 

for a suitable constant C\ > 0. 

With this preparation, we now prove that M is p-hyperbolic. To this 
end, using the fact that vol (M) = +oo, we choose a compact set W D il e 
satisfying 

vol(f] / ) 1/p >(2C 1 ) <? vol(0 £ ) (?/p . 

Thus, applying © with a test function t> G C^° (M) satisfying u = l on O', 
we deduce 

vol(J2 £ ) < CfVol^') 179 -vol(ft e ) 1/p < ||Vu|| LP(M) . 

It follows that 

capp(O') > vol(fi e ) > 0, 

proving that M is p-hyperbolic. 

Finally, we show that the Sobolev inequalities on £1 £ and on M £ glue 
together. According to © it suffices to prove that there exists a suitable 
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constant E = E (0 e ) > such that 

IMIz>(fi e ) < E \\^ v \\lp(M) ' 

for every v G C£° (M). Since M is p-hyperbolic, this latter inequality follows 
from Theorem [4] (ii) . □ 

We are now in the position to prove the last part of TheoremllOl Thus, let 
E be an end with smooth boundary of the complete manifold M supporting 
the L 9 ' p -Sobolev inequality ([1]). We shall prove that the double T> (E) of E 
is a p- hyperbolic manifold (without boundary). To this purpose, we note 
that T> (E) has infinite volume because, by the first part of Theorem [TO] E 
itself has infinite volume. Furthermore, E enjoys the Sobolev inequality (pQ) 
outside a compact neighborhood of the glued boundaries. Therefore, a direct 
application of Theorem [13] yields that T> (E) is a p- hyperbolic manifold, as 
desired. 

3. p-HARMONIC FUNCTIONS WITH FINITE p-ENERGY 

This section aims to prove the following theorem that extends to the 
nonlinear setting previous results of the Li- Tarn theory, [13] . We are grateful 
to I. Holopainen who pointed out that Theorem [15] follows from Theorem 
4.6 |10| A more precise result is also contained in the paper by SW. Kim, 
and Y.H. Lee, [12] . 



Theorem 15. Let (M, (,}) be a Riemannian manifold with at least two p- 
hyperbolic ends (with respect to some smooth, compact domain). Then, there 
exists a non-constant , bounded p-harmonic function u G C (M) n C,'™ (M) 
satisfying |Vu| G L P (M). 

Proof. Let E\, ...,E n be the ends of M with respect to the smooth domain 
SI CC M. By assumption, we may suppose that E\ and E2 are p-hyperbolic. 
Let {-Dt} tGN be a smooth exhaustion of M and set Ej )t = Ej n D t . 

For every t 6 N, let u t G C]^ (D t )nC (A) be the solution of the Dirichlet 
problem 

ApUt = on D t 

u t = l on E 1 n dD t 

u t = on Ej n dD t , j ^ 1. 

Note that, by the strong maximum principle, < ut < 1 in Dt. Moreover, 
as explained in Lemma [8] the sequence {ut} ieN converges, locally uniformly, 
to a p-harmonic function u G C (M) n C,'°? (M) satisfying < u < 1. Now, 
for every j = 1, 2, let hj be the p-harmonic function associated to the ends 
Ej costructed in Lemma [8] Recall that hj is the (locally uniform) limit 
of the p-harmonic function hjt which satisfy hjt = 1 on dEj and hjt = 
on Ej n dDt- Define kit = 1 — hit- Then, comparing m and kij, on Ei t t 
yields that u t > ki t t on E\ t . On the other hand, comparing u t and h 2 .t, 
gives ut < /i2,t on E^t- Therefore, taking limits as t — > +00, we deduce that 



12 STEFANO PIGOLA, ALBERTO G. SETTI, AND MARC TROYANOV 

u > hi on E\ and u < k 2 on E 2 . From this, using (3) in Lemma El we 
conclude that u is non-constant. We claim that |Vu| G L p (M). Indeed, for 
every j = 1, ..., n, let i^t = Ej\Ej t t. We think of Uj as extended to all of M 
by ut = 1 on i 7 ^ and uj = on U™ =2 i ? i,i. Then, by construction, ut is the 
equilibrium potential of the condenser (Fi t t, U™ =2 -E'j,t U 0, U £"i) and we have 

cap„ (F M , U'? =2 E itt UfiUBi)= f \Vu t \ p . 

Jm 

On the other hand, take kij and extend it to be one on i*i,t. Then, ki t t is 
the equilibrium potential of the condenser (Fij,Ei) and we have 



cap p (iq, t ,£i)= I \Vki, t \ p . 
Jm 



By the monotonicity properties of the p-capacity, [TT], [5], and recalling that 
J E \Vki t t\ p is decreasing in t, we deduce 

/ \Vu t \ p = cap p (F ht , U? =2 E i>t UfiUBi) 

< cap p (Fi lt , Ei) = / |Vfc lit | p = / |VA; lit | p < C, 

for some constant C > independent of t. Now observe that, for every 
domain Dec M, Vuj — > Vu weakly in LP (D) and therefore 



Vu\ p <liminf / |Vu t | p < C. 

d t^+oo y D 

Letting D /* M completes the proof. □ 

4. A LlOUVILLE-TYPE RESULT FOR p-HARMONIC FUNCTIONS 

In the very recent paper [18] . the authors prove the following vanishing 
result for p-harmonic maps with low regularity. 

Theorem 16. Let (M, (,)) be a complete Riemannian manifold with Ricci 
tensor satisfying 

M Ric > -q (x) , 

for some continuous function q (x) > 0. Let p > 2 and assume that, for 
some s > p and some H > s 2 /4 (s — 1), the bottom of the spectrum of the 
Schrodinger operator Lh = —A — Hq (x) satisfies 

\~ Lh (M) > 0. 

Then, every p-harmonic map u : M — » iV of class C 1 into a non-positively 
curved manifold N is constant, provided its energy density satisfies the in- 
tegrability condition 



/ \du\ s = o (R) , as R — > +oo. 



'B R 

As a consequence, we deduce the following 
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Corollary 17. Let (M, (,)) be complete Riemanian manifold such that 

M Ric > -q 0) 

for some continuous function q{x) > 0. Let p > 2 and assume that the 
Schrodinger operator Lh = — A — Hq (x) satisfies 

\i H (M) > 

for some H > p 2 /4 (p — 1). Then, every p-harmonic function u : M — > R o/ 
c/ass C 1 and wni/i finite p-energy |Vn| € L p (M) mns£ be constant. 

5. Proof of the main theorem 

Putting together the results of the previous sections we obtain a proof 
of Theorem [TJ Indeed, Let f2 CC M be fixed. Since M is complete and 
supports an L 9,p -Sobolev inequality, according to Theorem 1101 an the ends 
of M with respect to SI are p-hyperbolic. By contradiction, suppose that 
there are at least two ends. Then, by Theorem [15] there exists a non-constant 
p-harmonic function u £ C 1 (M) such that |Vu| £ L p (M) . Now, by the 
Ricci curvature assumption and the fact that p > 2, we can apply Corollary 
[TTlto deduce that u is constant. Contradiction. 
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